



































































































































U polytopes P can U

H polytopes P MH

The It polytope U polytope

17 1012022
2.2 Polar duality
polytopes come in pairs

Def Pc IR the polar dual is the set

PO ye Rd I x y EI for all X EP

Ip HG t

T yky.net
Lenz if P con xp tn

PO

EyekalkifPo is a polyhedron
Proof
POE Q trivial

Q EPO
fix ye Q Ly x E I Kieln
fix XE P we need to show that y x E 1






































































































































write x Fix with LE Un

Ly x Fdily E FL L

YE PO EI
B

Examples

jo f b

P po

EI EHE
polar dual Po changes when P shape and
is scared or translated

f
rotated or
reflected

a polytope is self parat if it is isometric
to its polar dual

Open Which self polar polytope has the related to
Mahler

smaller volume Is it the simplex conjecture






































































































































Lenz if P is a U polytope with OE int P

then Poo p dual is justified
Profi xp HyePO Gy E 1

Hye Rd YE PO x y 1

Hye Rd HEP Gig EI
x y EI

O PE POO

fix XE P

for all yep if Gly Ef for all YEP
then also when X x X p

Lx EI

POOL P

suppose xd P f x

by hyperplane separation
theorem exist a hyperplane
thot separates x from P

Ja ER I SO GEIR Ex by
since OE int P x E by KIEP
we hae 670
Set y

x y I while x y EI KIEP
POO B






































































































































Kote if Of int P then POO

PEPE

üET

Po is unbounded
Poo com PU 0

Lenz if OE int P then Po is unbounded

Präge 0 Belo CP

if Do were unbounded then I Yu Ye EPO
with Ily Il O

Xi E Sify III II E XIE BELO CP

since y EP
jep

1 Y y

LEE si E Gj
EYEI Elly G

B
Lenz if Pis bounded then OE int Po

Rot Ex not hard D






































































































































if P is a bounded U polytope with DE int PIii rounded polytope with Oeint

son Ex in AHA 1

In If Pisa U polytope then Pis an A polytope

PITw.l.org P is full dimensional

after translation wesen assume DE int P

by A Po is an H polytope with OE int po
Po is also a U polytope with Of int po
Poo is an H polytope

Il
P

Fin polytope U polytope A polytope






































































































































2 3 Faces

a face is an intersection with a touching hyperplane

HEHEHE
III

But this does not capture everything
that we went to call face

missing P and O

Def o La x E b is feffige if valid for all YEP

a face is

f XP La 6 EP

There are three cases I face defining hyperplane
i a 0 OH ab is exactly this intuitiv

touching h perplone
i a O G O O x EU valid for all XE P

XE PI COA O P is a face

iii G O G 0 40 x E b valid for all EP

XEPILEYEY Q is a face






































































































































FP faces of P set of feces

Properties of faces Ex try prove some most

propertiesare obvious but not always
a faces are solytopes easy to prove

trivial for f P er f 0

if f Pn OH f MA n H ht

fares hae well defined dimension

dim f dima f

dim name

1 Q nullity

O vertex
Fdp 8 faces of P

I edge
2 face
3 cell

proper faces

ja
d 2 ridge
d I facet

d P itself






































































































































P con Folp Kreininienstörüm
Idea Con Fo P E son P P

it XE P but conn FolP

try separating with a hyperpiere

P I HIFI facet defining LÄGEA half space
fgfets

G really hardQ P P has a vertex to show at

Q P P hes a facet tiseetaient

faces of faces are faces

FE FIP FIFI EF IP

Idea f EFD GE Ff
take face defining hyperplanes and
rotate one into the other

EYE

try at Eat as normal vector

but what value for E is suitable

more precisely FA GEFIP get






































































































































every fare of P is completely determined

by the vertices of P that it contains

P has only I 2

finitely many f 1,2
faces

Examen

in a d simplex every subset of vertices

defines a fare
Zdtl faces

this is the minimal amount possible in dim d

E show thot d cube hes 3d es

Open Kalai's 39 conjecture

The d cube has the minimal amount of

faces of every centrally symmetrie d poly

t
ETP P Ä

Origin symmetrie 9






































































































































2.4 The face lattice

Ftp is partially ordered by inclusion

partial order 1 reflexive f Ef
2 antisymmetric fege gef

f g
3 transitive f E g E h

f E h

IP E is a partially ordered set poset






































































































































Example square IM2 3

11 123,4

N
EI EI EI EI III SIEH

IE
IEII Il Il Il 1 2 3 u

IN Q
Hasse diagrams

Ä
C

Ö Q






































































































































Emple cube

EEEELÄEI

FEEEETTEEEEEI

Def P and O are called combinatorial ly equivalent
or of the some combinatorial type if

FIP Fca äposenie
face poset y Ftp Flat bijective
isomorphism feg alt E Gls






































































































































FI A A äääne
combinatorial
typeE linear transformations

and translations preserve
the combinatorial type
Idea face defining hyperplanes are transformed

as well

Ftp is more than just a poset
it is a complete graded lattice

complete means
P Q

there is a unique top and bottom element

graded means

the elements are sorted in levels A

Jf

een

every path from top to bottom

has length dt 1

lattice means

for f.ge FIP exists a me and min
a lattice is a special order structure i
not to be confused with lattices such as Z






































































































































min intersection of faces is a face

FIELEN

Idee use ata

me there exists a unique minimal face
that contains both fand g

Ei El

Algorithmic considerations

Given a lattice L how herd is it to
tell whether it is the face lattice of
some polytope

NP nord for dim 24

Open is it NP complete provably
neither

is it coup complete

NOTE it is decidable
this was wrongly stated in the lecture














































2.5 Duality and the flippedface lattice

polarduality flips the face lattice

po

HH F f

P Q
FIP E FIP 2 FPO E

every face ff FIP has a dual fate in ICP

P PoEmmi
vertex ease

III
veriex sz.ee
ease ease

8 face Id l d face
dual face

Df ff FIP f yep x y 1 Kef

not nords YEP I Gi y 1 Hx EFolf



9 FLP FPO
0
is a face of Po 9 f f is well defined

ii foo f g is a bijection
iii fog g Cf q is order reversing

Ciu dim fo d 1 dim f

FPTP FPO

Proof sketch not included in the lecture

i fo M Pon off 1 is intersection
XEFolP

of faces hence a face

Iii similar computation to POO P

iii trivial
Ciu H Fl

a polytope is called combinetoriolly self dual

if FCP FLP OP

Open If P is self dual is it combinetorially
equivalent to a self polar polytope



2.6 Intervals and vertex figures

Def for fy fz EF P the interval is

traf gEFCPIIfnEGEfz3

fzIfn.f
Ä

Question Are intervals in face lattices again
face lattices of some polytopes

Ikea FEE FEE

G Et Ä



Yes In all three cases

Lowerintervals af Ff easy to see

upperintervoli take opposite lattice and then a

lower interval

X
µ 09 4IP FPO

innerintervali take lower internet and then

Upper internet

Iff f III



For a vertex VEFolP there exists a nice

geometric interpretation for the upper interval

V P F Plo

T vertex figure

FEI TEIIE
spanne

thot separate
v from TOPIC

Pro Plo A
PA Pn OH

NEE depends on
choice of OH

BUT combinatorics is
independent of OH

Ide Ip of fn OH E FCPI

IP 7 PM af fis FE F Plo

Using that Plo is a la il polytope one can now

finally prove all of G Ex try it
face lattice is graded all moximd chains here

length d I

auch to d face nos dimension d l d

each polytope hose facet Idee take duct of vertex

each face is intersection of some facets


